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Abstract 



Usually models for quantum computations deal with unitary gates on pure states. In this paper we generalize the usual 
model. We consider a model of quantum computations in which the state is an operator of density matrix and the gates 
are quantum operations, not necessarily unitary. A mixed state (operator of density matrix) of n two-level quantum systems 
is considered as an element of 4™ -dimensional operator Hilbert space. Unitary quantum gates and nonunitary quantum 
operations for n-qubit system are considered as generalized quantum gates acting on mixed state. In this paper we study 
universality for quantum computations by quantum operations on mixed states. 

PACS 3.67.Lx 

Keywords: Quantum computations, quantum gates, mixed states, quantum operations 



I Introduction 

Usual models for quantum computations deal only with uni- 
tary gates on pure states. In these models it is difficult or 
impossible to deal formally with measurements, dissipation, 
decoherence and noise. Understanding dynamics of mixed 
states is important for studying quantum noise processes 

|], 3 1, quantum error correction [Q, |[ 0], decoherence ef- 
fects [ 7 , ^, [k], |Tl]] in quantum computations and to perform 
simulations of open quantum systems [ |l2| , [l3| , |l4{ , |i~5[ [l~6| , |l7| | . 
It turns out, that the restriction to pure states and unitary gates 
is unnecessary JT^ , p^ ]. 

In this paper we generalize the usual model of quan- 
tum computations to a model in which the state is a den- 
sity matrix operator and the gates are general quantum op- 
erations, not necessarily unitary. Pure state of n two-level 
quantum systems is an element of 2™ -dimensional Hilbert 
space. Usually the gates of this model are unitary operators 
act on a such state. In general case, mixed state (operator 
of density matrix) of n two-level quantum systems is an el- 
ement of 4™ -dimensional operator Hilbert space. The gates 
for mixed states are general quantum operations which act 
on general mixed states. Unitary gates and quantum oper- 
ations for quantum two-valued logic computations are con- 
sidered as four-valued logic gates of new model. The space 
of linear operators acting on a N = 2™ -dimensional Hilbert 
space is a iV 2 = 4™ -dimensional operator Hilbert space. The 
mixed state of n two-level quantum system is an element of 
4™ -dimensional operator Hilbert space. It leads to 4-valued 
logic model for quantum computations with mixed states. In 
the paper we consider universality for general quantum gates 
acting on mixed states. The condition of completely posi- 
tivity leads to difficult inequalities for gate matrix elements 
p6 , 43 44], ^5j. In order to satisfy condition of completely 
positivity we use the following representation. Any linear 
completely positive quantum operation can be represented by 

m tci 



3=1 



where LaB — AB and RaB = BA. To find the univer- 
sal set of completely positive (linear or nonlinear) gates £ 
we consider the universal set of La, and R.\ . A two-qubit 



gate £ is called primitive if £ maps tensor product of single 
ququats to tensor product of single qubits. The gate £ is called 
imprimitive if £ is not primitive. We prove that almost every 
pseudo-gate that operates on two or more ququats is univer- 
sal pseudo-gate. The set of all single ququat pseudo-gates and 
any imprimitive two-ququats pseudo-gate are universal set of 
pseudo-gates. 

In Section 2, we introduce generalized computational ba- 
sis and generalized computational states for 4™ -dimensional 
operator Hilbert space. In the Section 3, we study some 
properties of general quantum gates. General quantum op- 
erations are considered as generalized quantum gates. In the 
Section 4, we consider a universal set of quantum 4-valued 
logic gates. In the Section 5, unitary 2-valued logic gates are 
considered as generalized quantum gates. We realize classi- 
cal 4-valued logic gates by quantum gates. In Appendix 1, 
the physical and mathematical background (pure and mixed 
states, operator Hilbert space and superoperators) are consid- 
ered. In Appendix 2, we introduce a four-valued classical 
logic formalism. 



II Computational basis for mixed 
states 

In general, a quantum system is not in a pure state. Lan- 
dau and von Neumann introduced a mixed state and a density 
matrix into quantum theory. A density matrix is a Hermi- 
tian (pt = p), positive (p > 0) operator on TL^ with trace 
Trp = 1. Pure states can be characterized as orthogonal pro- 
jections of unit trace: p 2 = p, p^ = p, Trp = 1. A pure state 
is represented by the operator p = |\& >< $|. 

One can represent an arbitrary density matrix operator 
pit) for n-qubits (n two-level quantum systems) in terms of 
tensor products of Pauli matrices a^: 



where each /Zi £ {0,1,2,3}, i = 1, n and Co 
Pi = 1, 2, 3, then are Pauli matrices. 



(1) 



I. If 
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The real expansion coefficients P fll ...u n (*) are gi ven by 

Pm...Mn(t) = Tr(a Ml <8> ... <8 ^ n p(t)). 

Normalization (Trp = 1) requires that Po...o(*) = 1- Since 
the eigenvalues of the Pauli matrices are ±1, the expansion 
coefficients satisfy \P^ 1 ... lln (t)| < 1. Let us rewrite ([j]) in the 
form: 

1 

p(t) = ^E (2) 

where er^ = cr Ml ® ... ® cr Mn , /i = (p,i...p, n ) and TV = 4™. 

Let us introduce generalized computational basis and gen- 
eralized computational states for 4 n -dimensional operator 
Hilbert space. For the concept of operator Hilbert space and 
superoperators see Aappendix 1 and [|o|-[^9|. Pauli matri- 
ces can be considered as a basis of operator Hilbert space 
(see Appendix 1). 

We can rewrite formulas (El) using the complete operator 

basis |ct m ) in operator Hilbert space TL : 

N-l 
ft=0 

where P^it) = (cr^\p(t)). The basis \a^) is orthogonal, but 
is not orthonornal. Let us define the orthonormal basis \p) of 

operator Hilbert space TL . The basis for TL consists of 
the N 2 = 4™ orthonormal basis elements denoted by \p). 

Definition A basis of operator Hilbert space TL is defined 
by 

|/i) = |/ii.../i„) = -y=M = T^pd ^ ® ■- ® °/0> 
where each pi S {0, 1, 2, 3}, A = 4™ ant/ 

JV-l 

/i called a generalized computational basis, //ere /i is 4- 
valued representation of p — piA"^ 1 + ... + // n _i4 + /i„. 
Example. In general case, one-qubit mixed state p(t) is 

\p) = |0)-^ + |l)pi + |2)p2 + |3)p 3 , 

where /ot<r orthonormal basis elements are \p) = 
(1/V2)|0, (/z = 0,1,2,3). 

The usual computational basis {|fc >} is not a basis of 
general state p(t) which has a time dependence. In general 
case, a pure state evolves to mixed state. 

Pure state of n two-level quantum systems is an element 
of 2™ -dimensional functional Hilbert space TL {n) . It leads to 
model of quantum computations with 2-valued logic. In gen- 
eral case, the mixed state p(t) ofn two-level quantum system 

(„) 

is an element ofA n -dimensional operator Hilbert space TL 
It leads to 4-valued logic model for quantum computations. 



The state \p(t)) at any point time is a superposition of 
basis elements 

JV-l 

\p(t)) = E Im)p/*(*). 

where p^ (t) are real numbers (functions) 

p^(t) = {p\p{t)) = -L T r(a^p(t)). 
V 2 

Note that p (t) = (0\p(t)) = l/V2™Trp(t) = l/\/2™ for 
all cases. 

Generalized computational basis elements \p) are not 
quantum states for p, ^ 0. It follows from normalized con- 
dition (0\p(t)) = 1/V2 Let us define simple computational 
quantum states. 

Definition A quantum states in operator Hilbert space de- 
fined by 

|/i] = -p(|0) + |M)(l-*M0)). 

are called generalized computational states. 

Note that all states \p], where p 0, are pure states, since 

[p\p] = 1. The state |0] is maximally mixed state. The states 

r n ) 

\p] are elements of operator Hilbert space TL 

A state in a 4-dimensional Hilbert space can be called 
ququat (quantum quaternary digit). Usually ququat is con- 
sidered as 4-level quantum system. We consider ququat as 
general state (density matrix operator) in a 4-dimensional op- 
erator Hilbert space. 

Definition A quantum state in 4-dimensional operator 

Hilbert space TL^ ^ associated with single qubit of TL^ = TL2 
is called single ququat. A quantum state in 4" -dimensional 

operator Hilbert space TL associated with n-qubits system 
is called n-ququats. 

In this case quantum operations and unitary 2-valued 
logic quantum gates can be considered as quantum 4-valued 
logic gates acting on n-ququats. 
Example. For the single ququat the states \p] are 

l°] = ^l°). I*] = ^(|0) + |*)). 

It is convenient to use matrices for quantum states. In ma- 
trix representation the single ququat computational basis \p) 
and computational states \p] can be represented by column 

s 

We can use the other matrix representation for the states 
\p] which has no the coefficient 1 / \/2™. The single qubit gen- 
eralized computational states \p] can be represented by col- 
umn of 1 , Pi , P2 , P3 . A general single ququat quantum state 
\p] is a superposition of generalized computational states 

\p] = |0](1 -P1-P2- P3) + \l]Pi + |2]P 2 + |3]P 3 - 



2 



Ill Quantum operations as quantum 
gates 

In this section we consider some properties of quantum oper- 
ations as four-valued logic gates. 

Unitary evolution is not the most general type of state 
change possible for quantum systems. A most general state 
change of a quantum system is a positive trace-preserving 
map which is called a quantum operation or superoperator. 
For the concept of quantum operations see p0| , |3l[ , |2|]. In the 
formalism of quantum operations the final state p' is related 
to the initial state p by a map 



P 



Tr{£{p)) 



(3) 



The trace in the denominator is induced in order to preserve 
the trace condition, Tr(p') — 1. In general case, this denom- 
inator leads to the map is nonlinear, where the map £ is a 
linear positive map. 

The quantum operation £ usually considered as a com- 
pletely positive map. The most general form for completely 
positive quantum operation £ is 



3=1 

By definition, Tr(£(p)) is the probability that the process 
represented by £ occurs, when p is the initial state. The prob- 
ability never exceed 1. The quantum operation £ is trace- 
decreasing, i.e. Tr(£{p)) < 1 for all density matrix operators 
p. This condition can be expressed as an operator inequality 
for Aj . The operators Aj must satisfy 



The normalized post-dynamics system state is defined by (Q). 
The map (||) is nonlinear trace-preserving map. If the linear 
quantum operation £ is trace-preserving Tr(£(p)) — 1, then 



Notice that a trace-preserving quantum operation £(p) = 
ApA^ must be a unitary transformation (A^A — AA^ = I). 

Quantum operations can be considered as generalized 
quantum gates act on mixed states. Let us define a gener- 
alized quantum gates. 

Definition Quantum (four-valued logic) gate is a superoper- 
ator £ on operator Hilbert space 7i which maps a density 
matrix operator \p) of n-ququats to a density matrix operator 
\p') of n-ququats. 

A generalized quantum gate is a superoperator £ which 
maps density matrix operator \p) to density matrix operator 
\p'). If p is operator of density matrix, then £(p) should also 
be a density matrix operator. Any density matrix operator is 
self-adjoint (p^t) = p(t)), positive (p(t) > 0) operator with 



unit trace (Trp(t) = 1). Therefore we have some require- 
ments for superoperator £. 

The requirements for a superoperator £ to be a general- 
ized quantum gate are as follows: 

1. The superoperator £ is real superoperator, i.e. (^£(A)j = 

£{A^) for all A or (^£(p)j — £(p). Real superoperator £ 

maps self-adjoint operator p into self-adjoint operator £(p): 
(£(p))t=£(p). 

2.1. The gate £ is a positive superoperator, i.e. £ maps posi- 
tive operators to positive operators: £ (A 2 ) > for all A ^ 
or£(p)>0. 

2.2. We have to assume the superoperator £ to be not merely 
positive but completely positive. The superoperator £ is com- 
pletely positive map of operator Hilbert space, i.e. the positiv 

ity is remained if we extend the operator Hilbert space Ti. 
by adding more qubits. That is, the superoperator £ ® 1^ 
must be positive, where I^ m > is the identity superoperator on 

some operator Hilbert space 7i . 

3. The superoperator £ is trace-preserving map, i.e. 

(I\£\p) = (£t(/)| p ) = 1 or £\I)=I. 

3.1. The superoperator £ is a linear map of density matrix 
operators. Any linear completely positive superoperator can 
be represented by 



(n) 



(4) 



3.2. The restriction to linear gates is unnecessary. Let 
us consider £ is a linear superoperator which is not trace- 
preserving. This superoperator is not a quantum gate. Let 
(I\£\p) = Tr(£(p)) is a probability that the process repre- 
sented by the superoperator £ occurs. Since the probability is 
nonnegative and never exceed 1, it follows that the superop- 
erator £ is a trace-decreasing superoperator: 

< (I\£\p) < 1 or £t(I) < /. 

In general case, the linear trace-decreasing superoperator is 
not a quantum four-valued logic gate, since it can be not trace- 
preserving. The generalized quantum gate can be defined as 

nonlinear trace-preserving gate Af by 



tf\p) = (I\£ [p)-^ \p) or Mp) 



Tr(£(p)Y 



where £ is a linear completely positive trace-decreasing su- 
peroperator. 

Four-valued logic gates £ in the matrix representation 
can be represented by 4" x 4" matrices £ iiV . In this ma- 
trix representation the gate £ maps the state |/o(io)) 



E^Lo 1 \ v )pA^) t0 the state \p(t)) 



N-l 



Pl> 



(*) = £ £^Pu{ta) 



(5) 
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where p (t) = p (t ) = I/a/2™ and N = 4™. Since 
P»{to) = V&Pnfo) and P M (i) = yffip^t), it follows that 
relation (61) for linear gate £ is equivalent to 



N-l 

p^t) = Y £^Pu(to) 

i/=0 



(6) 



Lemma 1 /n the generalized computational basis \p) any 
linear two-valued logic quantum operation £ can be repre- 
sented as a quantum four-valued logic gate £ defined by 

N-l N-l 

£ = Y Y £»» Im)H , 

^=0 v=0 



where N = 4", 



and Cfj, — (T l j, 1 



£»» = ^^(a-^ov)), 



Here N = 4", p and v are 4-valued representation of 



p = piA N 1 + ... + p N -iA + p N , 



v = v x A N 1 + ... + v N _ 1 4 + v N , 

A*ii I'i € {0, 1, 2, 3} and £^ v are elements of some matrix. 

Proof. The state p{f) in the generalized computational basis 
\p) has the form 

N-l 

w)) = y i-"WW - 

where N — 4" andp M (t) = (p\p(t)). The quantum operation 
£ defines a four-valued logic gate by 

N-l 1 
|/>(t)) = f t |p) = \£ t {p)) = Y \£t{<Ju))^=Pu{to). 



v=0 



Then 



N-l 



(p\ P (t)) = Y^\£t(<Ju))^p,(t ). 

i/=0 

Finally, we obtain where 

£^u = —(a-^tiau)) = ^Tr^a^tiav) 



This formula defines a relation between quantum operation £ 
and the real 4 n x 4 n matrix £^ v of quantum gate £. 

Lemma 2 In the generalized computational basis \p) the 
matrix £ liv of general quantum four-valued logic gate is 
real£*^ = £ MV . 



Proof. 

f 



-. m - m 



3 = 1 



3 = 1 



Lemma 3 Any real matrix £a V associated with linear ( trace- 
preserving) quantum gates (m) has £q v = 8q v . 



Proof. 



£q v = ^Tr(a £((T v )j = ^Tr( £[a,, i 



1 m 1 777 

^Tr(Y^^)=-Tr((YAlA 1 )a l 



3=1 



3 = 1 



—Tra v 

2™ 



for/- 



Completely positive condition leads to some inequalities 
[0, |3[ Q for matrix elements £ iiv . 

Let us consider the n-ququats linear quantum gate 

N-l N-l N-l 

£ = |o)(o| + Y T »(o| + E E ^IaOM. (7) 

f-i—1 fi— 1 z/— 1 

where iV = 4™. In general case, linear quantum 4-value logic 
gate acts on |0) by 

N-l 



£ |o) = |o) + E «■ 



k=l 

If all Tfe, where fc = 1, ...,N — 1 is equal to zero, then 
£\0) = |0). The linear quantum gates with T = conserve 
the maximally mixed state |0] invariant. 
Definition A quantum four-valued logic gate £ is called uni- 
tal gate or gate with T — if maximally mixed state |0] is 
invariant under the action of this gate: £|0] = |0]. 

The matrix £ I1U of linear trace-preserving n-ququats gate 
£ is an element of group TGL(4™ — 1, M) which is a semidi- 
rect product of general linear group GL(4 n — 1,R) and 
translation group T(4™ — 1,R). This proposition follows 
from Lemma 3. Any element (gate matrix £ iiV ) of group 
TGL(4 n — 1, K) can be represented by 



£(T, i?) 



1 
T R 



where T is a column with 4" — 1 elements, is a line with 
4" — 1 zero elements, and R is a real (4™ — 1) x (4 n — 1) matrix 
R G GL(4" -1,R). If R is orthogonal (4"-l) x (4"-l) ma- 



trix (R R = I), then we have motion group [42|. The group 
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multiplication of elements £ (T, R) and £(T' , R') is defined 
by 

£(T, R)£(T', R') = £{T + RT\ RR'). 
In particular, we have 

£{T, R) = £(T, I)£(0, R) , £{T, R) = £{0, R)£(R~ 1 T, I) 

where / is unit (4™ — 1) X (4™ — 1) matrix. 

Let us consider the n-ququats linear gate (0). The gate 
matrix £(T, R) is an element of Lie group TGL(N — 1, E), 
here N = 4™. The matrix R is an element of Lie group 
GL{N- 1,K). 

Theorem 1. (Singular Valued Decomposition for Matrix) 
Any real matrix R can be written in the form R — UiDUj , 
where 1l\ and IA2 are real orthogonal (N — 1) x (N — 1) 
matrices and D = diag{\\ 1 Aat_i) is diagonal (N — 1) x 
(N — 1) matrix such that Ai > A2 > ... > Ajv-i > 0. 
Proof. This theorem is proved in [00 0, . 
Theorem 2. (Singular Valued Decomposition for Gates) 
Any linear quantum four-valued logic gate (fy can be repre- 
sented by 

£ = £ {T) UiDU 2l 

where 

U\ and IA2 are unital orthogonal quantum gates 

N-l N-l 

fl—1 v—1 

D is a unital diagonal quantum gate, such that 

N-l 

^ = |0)(0|+5>»M, 

where A p > 0. 

£ ( T ) is a translation quantum gate, such that 

N-l N-l 

^ T ) = |0)(0| + £| M )(Ml + E T »(°l' 

f-i—1 fl— 1 

Proof. The proof of this theorem can be easy realized in ma- 
trix representation by using Lemma 3 and Theorem 1 . 

As a result we have that any trace-preserving gate can be 
realized by 3 types of gates: (1) unital orthogonal quantum 
gates U with matrix U € 50(4™ - 1, M); (2) unital diagonal 
quantum gate D with matrix D 6 D(4 n — 1, M); (3) nonunital 
translation gate £^ with matrix £ ^ e T(4 n - 1, M). 

IV Universal set of quantum gates 

The condition for performing arbitrary unitary operations on 
pure state to realize a quantum computation by unitary dy- 
namics is well understood [36[ ^ |§. Using a univer- 
sal gate set, quantum computations may realize the time se- 
quence of operations corresponding to any unitary dynamics. 
Deutsch, Barenco and Ekert [|36|], DiVincenzo [ |37| ] and Lloyd 



[ |3~8| ] showed that almost any two-qubits quantum gate is uni- 
versal. It is known [|5| |37|, |3^] that a set of quantum 
gates that consists of all one-qubit gates and the two-qubits 
exclusive-or gate is universal in the sense that all unitary op- 
erations on arbitrary many qubits can be expressed as compo- 
sitions of these gates. Recently in the paper [[39| was consid- 
ered universality for n-qudits quantum gates. 

The same is not true for the general quantum operations. 
In the paper Jl4| ] single qubit quantum system with Marko- 
vian dynamics was considered and the resources needed for 
universality of general quantum operations was studied. An 
analysis of completely -positive trace-preserving superopera- 
tors on single qubit density matrices was realized in papers 
[1101]. 

Let us study universality for general quantum four-valued 
logic gates. A set of quantum four-valued logic gates is uni- 
versal iff all quantum gates on arbitrary many ququats can 
be expressed as compositions of these gates. A set of quan- 
tum four-valued logic gates is universal iff all unitary two- 
valued logic gates and general quantum operations can be 
represented by compositions of these gates. Single ququat 
gates cannot map two initially un-entangled ququats into an 
entangled state. Therefore the single ququat gates or set of 
single ququats gates are not universal gates. Quantum gates 
which are realization of classical gates cannot be universal 
by definition, since these gates evolve generalized computa- 
tional states to generalized computational states and never to 
the superposition of them. 

Let us consider linear completely positive trace- 
decreasing superoperator £ . This superoperator can be repre- 
sented in the form (0), where La and Ra are superoperators 

(n) - 

on H defined by L A \B) = \ AB) and R A \B) = \BA). 

The n-ququats linear gate £ is completely positive trace- 
preserving superoperator such that the gate matrix is an el- 
ement of Lie group TGL(4 n — 1,M). In general case, the 
n-ququats nonlinear gate J\[ is defined by completely posi- 
tive trace-decreasing linear superoperator £ such that the gate 
matrix is an element of Lie group GL(4 n , R). The condition 
of completely positivity leads to difficult inequalities for gate 
matrix elements fl4(| 0. In order to satisfy condition 
of completely positivity we use the representation (Q). To find 
the universal set of completely positive (linear or nonlinear) 
gates £ we consider the universal set of the superoperators 
La and R A \- The matrices of superoperators La and Ra 
are connected by complex conjugation. Obviously, the uni- 
versal set of these superoperators defines a universal set of 
completely positive superoperators £ of the quantum gates. 

Let the superoperators La and i?^t be called pseudo- 
gates. These superoperators can be represented by 

N-1N-1 N-l N-l 

Lemma 4 The matrix £^ u of the completely positive super- 
operator (Q) can be represented by 

m N-l 

e*» = E E L ^^ ] ■ TO 

j=l a=0 
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Proof. This Lemma can be easy prooved in matrix represen- 
tation [fiX 



The matrix elements L)i a and Ra V can be rewritten 
in the form 

L^ = ^a a \A), = ±(A\a a a u ). (9) 

Using 

(iA) (iA^) 

we get the matrices L)i a ' and R$ a ' are complex 4" x 4 n 
matrices and their elements are connected by complex conju- 
gation: {L% 
in the form 



gation: (L^a ^)* = R^a ^ ■ We can write the gate matrix I 



m N-l 

j = l Q = 

A two-ququats gate £ is called primitive p^ ] if £ maps 
tensor product of single ququats to tensor product of single 
ququats, i.e. if \pi) and |p 2 ) are ququats, then we can find 
ququats \p' l ) and \p' 2 ) such that £\pi) <E> p%) — \p\ ® p' 2 )- The 
superoperator £ is called imprimitive if £ is not primitive. 

It can be shown that almost every pseudo-gate that oper- 
ates on two or more ququats is universal pseudo-gate. 

Theorem 3. 

The set of all single ququat pseudo-gates and any imprimitive 
two-ququats pseudo-gate are universal set of pseudo-gates. 
Proof. Expressed in group theory language, all n-ququats 
pseudo-gates are elements of the Lie group GL(4 n , C). 
Two-ququats pseudo-gates L are elements of Lie group 
GL(16, C). The question of universality is the same as 
the question of what set of superoperators L sufficient to 
generate GL(16,C). The group GL(16,C) has (16) 2 = 
256 independent one-parameter subgroups GL flu (16,C) of 
one-parameter pseudo-gates L^ v \t) such that L^ v \t) = 
t\p)(v\. Infinitesimal generators of Lie group GL(4™, C) are 
defined by 



where p, v = 0,1,. ..,4" — 1. The generators of the 

one-parameter subgroup GL Mt ,(4",R) are superoperators of 

(„) 

the form = \p) [v\ on H which can be represented by 
4" x 4™ matrix with elements (H^ap = 8 a p,8p v . The 
set of superoperators is a basis (Weyl basis [[4(j[|) of Lie 
algebra <?Z(16, M) such that 

[HfjiviHap] = 8 va H li p — S^pH va , 

where p, v,a,(3 — 0, 1, 15. Any element H of the algebra 
gl(W, C) can be represented by 

15 15 
M =0 i/=0 

where h^ u are complex coefficients. 



As a basis of Lie algebra #Z(16, C) we can use 256 lin- 
early independent self-adjoint superoperators 

H aa =\a)(a\, H r a0 = \a)(p\ + \p)(a\, 



(\a)(J3\ - \(3)(c 



where < a < (3 < 15. The matrices of these generators 
is Hermitian 16 x 16 matrices. The matrix elements of 256 
Hermitian 16 x 16 matrices H aa , H r a ^ and H l af3 are defined 
by 

(^aft)p — 8^ lOL 8i/ a , i.H ap) — 8f ia 8isp -\- 8 ^ip8 VCi , 



For any Hermitian generators H exists one-parameter 
pseudo-gates L(t) which can be represented in the form 
L(t) = exp itH such that D(t)L(t) = I. 

Let us write main operations which allow to derive new 
pseudo-gates L from a set of pseudo-gates. 

1) We introduce general SWAP (twist) pseudo-gate 
f(SW)_ A new p S eudo-gate U sw ^ defined by U sw ^ = 
rp(SW) jjf(SW) j s bi; amec i directly from L by exchanging 
two ququats. 

— (2) 

2) Any superoperator L on H generated by the commuta- 
tor i[H^, H a p] can be obtained from L^ v {f) = exp itH^ 
and L a p(t) = exp itH a p because 



exp t [H M „, H a p] 



= lim I L a p(— t^L^it^Lapif.^L^— t n ) 



where t n — l/y/n. Thus we can use the commutator 
i[Hfj, u , H a p] to generate pseudo-gates. 
3) Every transformation L(a, b) = expiH(a, b) of 
GL(16, C) generated by superoperator H (a. b) = aH^ v + 
bH a p, where a and b is complex, can obtained from L^ v (t) = 
exp itH^v and L a p (t) = exp itH a p by 

/-a- b \ n 
expiH(a,b)= lim V(-)I a /j(-) . 

n— >oo \ n n I 

For other details of the proof, see [f37H(| ||| pj || | . 



V Examples of general quantum gates 
V.l Unitary quantum gates 

Let us use Lemma 1 . In the generalized computational basis 
any unitary two-valued logic gate U can be considered as a 
quantum four-valued logic gate: 



N-l N-l 
M =0 ;y=0 



(10) 



6 



where is a real matrix such that 

U llu = ^Tr(a v Ua li U^ . (11) 

This formula defines a relation between unitary quantum two- 
valued logic gates U and the real 4" x 4™ matrix U. 

Any four-valued logic gate associated with unitary 2- 
valued logic gate by ( |To[Jl~T] ) is unital gate, i.e. gate matrix 
U defined by ([□]) has = U 0fl = d^o- 

U ^ = ^ T r(a,Ua U^) = ±-Tr(o,UU^) = ^Tra v . 

Using Tro^ = S^ we get = 6^. 

Let us denote the gate U associated with unitary two- 
valued logic gate U by £^ u \ 

Lemma 5 If U is unitary two-valued logic gate, then in the 
generalized computational basis a quantum four-valued logic 
gate U — £^ associated with U is represented by orthogo- 
nal matrix £^ u \- 

£<p)(eV)f = (gV))T S w) =J , (12) 

Proof. Let £^ is defined by 

£Wp = Uptf, £&)p=rfpU. 

IfUW = UW = I, thm£^£^ = £(U")£(U) = /. In 
the matrix representation we have 

N-l N-l 

c(U)c(Ui) _ f{^)c(U) _ r 

/ j <>a °au ~ / j <->a ° ay ~ > 

a=0 a=0 

i.e. £(u f )£(U) = £ {u) £ (u^ = j Note that 

$P = ^Tr(a^a u u) = ±Tr(a v Ua^) = £%\ 

i.e. £ ( ut ) = (£W) T . Finally, we obtain (£§). 

Note that n-qubit unitary two-valued logic gate U is an 
element of Lie group SU(2 n ). The dimension of this group 
is equal to dim SU(2 n ) = (2") 2 - 1 = 4" - 1. The ma- 
trix of n-ququat orthogonal linear gate U = £^ can be 
considered as an element of Lie group SO(4 n — 1). The 
dimension of this group is equal to dim 50(4™ — 1) = 
(4" - 1)(2 • 4™- 1 - 1). For example, if n = 1, then 
dim SU(2 1 ) = dim S'0(4 1 - 1) = 3. If n = 2, then 
dimSU{2 2 ) = 15, dimS'0(4 2 -l) = 105. Therefore not all 
orthogonal 4-valued logic gates for mixed and pure states are 
connected with unitary 2-valued logic gates for pure states. 

Let us consider single ququat 4-valued logic gate U asso- 
ciated with unitary single qubit 2-valued logic gate U. 

Lemma 6 Any single-qubit unitary quantum two-valued 
logic gate can be realized as the product of single ququat 
simple rotation gates (a), W 2 ^ (9) and (/?) defined 
by 

W«(a) = |0)(0| + |3)(3| +cosa(|l)(l| + |2)(2|) + 



+ Bin«(|2)(l|-|l)(2|), 

U^{8) = |0)(0| + |2)(2| + oosfl(|l)(l| + |3)(3|) + 

+ sinfl(|l)(3|-|3)(l|) > 
where a, 6 and [3 are Euler angles. 
Proof. See |@. 

Example 1. In the generalized computational basis the uni- 
tary NOT gate ("negation") of two-valued logic 

X = |0 >< 1| + |1 >< 0| = <ri, 

is represented by quantum four-valued logic gate 

fW = |0)(0| + |l)(l|-|2)(2|-|3)(3|. 

Example 2. The Hadamar two-valued logic gate 

can be represented as a four-valued logic gate by 

^) = |0)(0|-|2)(2| + |3)(1| + |1)(3|. 

V.2 Measurements as quantum gates 

It is known that von Neumann measurement operation £ is 

r 

S(p)=J2 P kP p k, (13) 
fc=i 

where {Pk\k = 1, ..,r} is a (not necessarily complete) se- 
quence of orthogonal projection operators on HS n \ 

Let Pfe are projectors onto the pure state \k > which de- 
fine usual computational basis {\k >}, i.e. P k = \k >< k\. 

Lemma 7 A nonlinear four-valued logic gate M for von 
Neumann measurement f [7i| ) of the state p — ^2„=o \ a )Pa 
is defined by 

where 

1 — N ~ l 

= ^Tr(a^P k a v P k ), p(k) = ]T 4* P« • 

(14) 
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Proof. The trace-decreasing quantum operation £ k is defined Proof. The proof is by direct calculation in £^"> \a] = \g(a)], 

by 9 -> p' = £ k {p) = P k pP k - The superoperator £ where ^|a] = (1/V2) (f (s) |0) + 

for this quantum operation has the form £ k = Lp k Rp k and £ xam pj es 

|p ) — £fc|p)- Then ^ Luckasiewicz negation gate is 

, f,M , if in VVi*iv^ VrW £ ( ~ a;) = |0)(0| + |l)(2| + |2)(l| + |3)(0|-|3)(3|. 

u =o !/=o 2. The four-valued logic gate Iq can be realized by 

where £<£> = {p\£ k \u) = (l/^Tr^P^P*). The prob- ^ = |o)(Q| + |3)(Q| _ £ |3)(fc|< 



ability that process represented by £/. occurs is 

JV-l 
a=0 



p(fc) = Tr{£ k {p)) = = y^p& = ^ f^po 



k=l 

3. The gates I k (x), where k — 1, 2, 3 are 
= |0)(0| + |3)(fc|. 



If EL'o 1 <W q ^ 0, then the matrix for nonlinear trace- 4 - The gate x can be realized by 
preserving gate 7v is 3 



7V-1 



a=0 



^) = |0)(0| + |l)(0| + |2)(l| + |3)(2|-^|l)(fc|. 

fc=i 

5. The constant gates and k = 1,2,3 can be realized by 



Example. Let us consider single ququat projection operator £^ = |0)(0| , £^ k ' = |0)(0| + |fc)(0|. 

P + = 10 >< 01 and P_ = |1 >< 1| which can be defined by , ™ A . .. , . 

T 1 1 11 J 6. The gate <}x is realized by 



3 



P± ^ (CT ° ±CT3) - ^ = |0)(0|+£|3)( fc |. 



k=l 



Using formula < Jl~4] ) we derive 

(±) _1 / X 7.Thegaten a; ^^is£( a )-|0)(0| + |3)(3|. 

~ 8 r r Al(CTo a3 ^^ f7 ° ± a 3)J - Note that quantum gates £ g (/o), £ M are not unital 



gates. 

Let us consider quantum gates for two-arguments classi- 
cal gates. 

The linear trace-decreasing superoperator for von Neumann L The generalized conjunction x x A x 2 = min{ Xl ,x 2 ) 
measurement projector P± onto pure state is and generalized disjunction x x A x 2 = max{ Xl , x 2 ) can be 

realized by two-ququats unital gate: 

£\x x ,x 2 ] = \xi V x 2 ,xi A x 2 ] . 

The superoperators £ <±> are not trace-preserving. The proba- Let us write the q uantum 8 ate which realizes the these 
bilities P± that processes represented by superoperators #±) classsical gates in the generalized computational basis by 



£ (±) = i(|0)(0) + |3)(3|±|0)(3|±|3)(0| 



occurs are 



P± = ^(P0+ P3)- n .'. ■■! ' 



+ 



V.3 Quantum gates for classical gates + E0 lfc ) - l fcl ))( fcl l + (l 23 ) - |32))(32|. 



k=1 



For the concept of many-valued logic see Appendix II and 
[52l R3I F34I] 2. The Sheffer-Webb function gate 



Let us consider linear trace-preserving quantum gates for £\x x ,x 2 ] = \V 4 (x x ,x 2 ), ~ V A (x x ,x 2 )] 

classical gates ~, x, Iq, I x ,I 2 ,I 3 , 0, 1, 2, 3, (}, □. 



can be realized by two-ququats gate: 

3 3 



Lemma 8 Any single argument classical gate g(v) can be 

realized as linear trace-preserving quantum four-valued logic £ _ 1 00) (00 1 + |12)(00| + 1 21) (10 j 

gate by ^-^ 

3 

£ {9) = |0)(0| + £ \9(k))(k\+ +|21)(H| + |30)(02| + |30)(20| + |30)(12| + |30)(21|- 



k=l 



3 3 



+ (1 - <W(|<?(0))(0| - E E(! - W))lA0(" 



3 

+|30)(22| + |03)(03| + |03)(13| + |03)(23| + ^ |03)(3/i|. 

/j=0 



M _o i/— Note that this gate is not unital quantum gate. 
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VI Appendix I. where N = 2™. The operator basis \k,l) has 4" elements. 

Note that \k, I) ^ \kl >= \k > ®\l > and 



VI. 1 Pure states and Hilbert space 



\k,l) = \ki,h) (g) \k 2 ,l 2 ) <S> ... <8> |fe„,Z„), 



A quantum system in a pure state is described by unit vector 

in a Hilbert space Ti. In the Dirac notation a pure state is de- where ki, U £ {0, 1}, i = 1, n and 
noted by >. The Hilbert space Ti is a linear space with an 

inner product. The inner product for |^i >, \^ 2 >€ T~L is de- |fcj, Zj) (g> \kj,lj) = | |fcj > ®\kj >,< h\®> < lj \ )■ 

noted by < \E'i|\E , 2 >■ A quantum bit or qubit, the fundamen- 
tal concept of quantum computations, is a two-state quantum For an arbitrary element \A) of 7? (n) we have 
system. The two basis states labeled |0 > and |1 >, is or- 
thogonal unit vectors, i.e. < k\l >= Ski, where k, I £ {0, 1}. 
The Hilbert space of qubit is Ti. 2 = C 2 . The quantum system 

i^) = E Ei fc '0(MiA) 

which is used to quantum computations consists of n quantum 
two-state particles. The Hilbert space of such a system 

is a tensor product of n Hilbert spaces TL 2 of one two-state , , , , , 

. , „f(„\ „ , „ , „ , ™ „//■«•>• operator p of density matrix tor n-qubits can be considered as 

particle: H {n > = H 2 ®U 2 ® - ®U 2 . The space H {n > is a F 1 y _ (n) 4 

N = 2 n dimensional complex linear space. Let us choose a an e l ement \p) of space H 

basis for H^ n ' which is consists of the N = 2" orthonormal 

states \k >, where k is in binary representation. The state is a VI.3 Superoperators 

tensor product of states in TiS"^ : 

Operators, which act on H, are called superoperators and we 
\k >= \ki > ®\k 2 > <g>... <g> \k n >= \kik 2 ...k n > , denote them in general by the hat. 

For an arbitrary superoperator A on H, which is defined 

where ki € {0, 1} and i = 1, 2, n. This basis is usually 
called computational basis which has 2 n elements. A pure 

state \^(t) >£ H.( n > is generally a superposition of the basis A| A) = |A(A)) 



N-l N-l 

EE 

k=0 1=0 

with (k,l\A) = Tr(\l >< k\A) =< k\A\l >= A M . An 



states 

N-l 



we have 



\V(t)>=J2 a k(t)\k>, (15) 



N-l N-l 



k=0 



with N = 2" and M)\ 2 = 1. fc ' =0 1 '=° 



VI.2 Operator Hilbert space 



N-l N-l 



= E E ^kik'i'Ak'f , 



For the concept of operator Hilbert space and superoperators k'=o i'=o 

see@-||l. 

The space of linear operators acting on a iV = 2"- wnere N — 2 . 
dimensional Hilbert space W<»> is a N 2 = 4" -dimensional Let A be » linear operator in Hilbert space. Then the su- 

^j(n) t Tj(») peroperators and i?^ will be defined by 

complex linear space ?t . We denote an element A of Ti, 

by a ket- vector |A). The inner product of two elements \A) La\B) — \AB) Ra\B) — \BA) 

and \B) of is defined as 



(A\B) = Tr(A^B) . (16) 



The superoperator P = \A)(B\ is defined by 

P\C) = \A){B\C) = \A)Tr{B^C). 



The norm ||A| = y/ (A\A) is the Hilbert-Schmidt norm of 
operator A. A new Hilbert space H with scalar product @ A superoperator £t i s called the adjoint superoperator for 
is called operator Hilbert space attached to H or the associ- £ if 
ated Hilbert space, or Hilbert-Schmidt space [20|-[[29||. 

Let {\k >} be an orthonormal basis ofwtf (&(A)\B) = (A\£(B)) 

for all I A) and IB) from H. A superoperator E is unital if 

<k\k'>=5 kW , ^|fc><fe|=J. E{I)=I. 

k ~° Pauli matrices can be considered as a basis in operator 

Then \k, = 11* >< f|) is an orthonormal basis of the oper- space. Let us write the Pauli matrices in the form 

ffi = |0><l| + |l><0| = |0 J l) + |l J 0) 1 



( n ) 

ator Hilbert space H 



N-l N-l 



(k, l\k', I') = Skk'Sw , Y\ V \k, l)(k, l\ = I, 

f Q U *2 = -i\0 >< 1| + i|l >< 0| = -i(\0, 1) - |1,Q)), 
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o-a = ]0 X Q| - [1 X 1] = ]0, 0) - |1 5 1), 



a = I = |0 >< 0| + |1 >< 1| = |0,0) + |1, 1) 



Let us use the formulas 



|o,o) = -(ko) + M) 



IM) = 



2(ko)-M), 



i 



|0,l) = -(|<7 1 )+i|a 2 )), |l,0) = -(|a 1 )-i|(7 2 )) 
It allows to rewrite operator basis 

|M) = \fa,h) ® \k2J2) ® • 
by complete basis operators 

Wn) = \<7m ® cr M2 ® ... 1 



I j ^71 ) 



Cyclic shift: x = x + \ (modA). 

Functions Ii(x), where i = 0, ...,3, such that Ii(x) = 3 if 
x = i and Ii(x) = if x 7^ i. 
Generalized conjunction: x\ A x 2 = min(xi, x 2 ). 
Generalized disjunction: Xi V x 2 = max(xi, x 2 ). 
Generalized Sheffer-Webb function: 

14(^1; X2) = max(xi, x 2 ) + l(m<%£4). 

Commutative law, associative law and distributive law for 
the generalized conjunction and disjunction are satisfied: 
Commutative law: 

X\ A X2 — X2 A X\ , X\ V X2 — X2 V X\. 

Associative law: 

{x\ V x 2 ) V £3 = x\ V (x 2 V x 3 ). 



where /ij = 2fej + ij, i.e. /Ltj £ {0, 1, 2, 3} and i = 1, n. 
The basis |cr M ) is orthogonal (crplcr^') = 2 n <5 MM ' and is Distributive law: 
complete operator basis 



1 

A" 

( n ) 

For an arbitrary element |j4) of H we have Pauli represen- 
tation by 



{x\ A x 2 ) A i 3 = ii A (x 2 A x 3 ). 
aw: 

x\ V (x 2 A X3) = (xi V x 2 ) A (xx V X3). 



JV-1 



with the complex coefficients 

VII Appendix II. 



{a ll \A)=Tr{a ll A). 



x\ A (x 2 V X3) = {xi A x 2 ) V (xi A x 3 ). 
Note that the Luckasiewicz negation is satisfied 

~ (~ x) = x , ~ (xi A x 2 ) = (~ xi) V (~ x 2 ). 
The shift x for x is not satisfied usual negation rules: 

i/i, xiAx 2 ^xTV x~2 ■ 

The analog of disjunction normal form of the n-arguments 
4-valued logic gate is 



Let us consider some elements of classical four-valued logic. 
For the concept of many-valued logic see [B2l B3l B4fl. 



\J Jfei (xi) A ... A Jfc n A g(ki, .., k n ). 
(fci,...,fc„) 



A classical four-valued logic gate is called a function four-valued logic: 
g [x\ , . . . , x n ) if all X4 e {0,1,2,3}, where i = 1, ...,n, and The set {0, 1, 2, 3, 1 , h, I 2 , h, Xi Ax 2 , x x Vx 2 } is universal. 



g{xi, ...,x n ) 

It is known universal sets of universal classical gates of 
r-valued logic: 

set{0, l,2,3,I ,Ix,l2,I 3 ,Xi 
The set {x, X\ V x 2 } is universal. 



g{x u ...,x n ) € {0,1,2,3} 

It is known that the number of all classical logic gates The gate V4(xi,x 2 ) is universal. 
with n-arguments xi, x n is equal to 4 4 " . The number of This theorem is proved in [Q . 
classical logic gates g(x) with single argument is equal to 

4 41 = 256 



Single argument classical gates 



X 


~ X 


□x 


Ox 


X 


Jo 


h 


h 


h 





3 








1 


3 











1 


2 





3 


2 





3 








2 


1 





3 


3 








3 





3 





3 


3 
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